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The problem of the existence of first integrals which are linear functions of the generalized velocities (momenta and quasi-velocities)
is discussed for conservative non-holonomic Chaplygin systems with symmetry, as well as methods for investigating the existence,
stability, and bifurcation of the steady motions of such systems. These methods are based on the classical methods of
Routh-Salvadori, Poincaré-Chetayev, and Smale, but unlike the latter they do not require a knowledge of the explicit form of
the linear integrals. The general conclusions are illustrated by the example of the problem of an ellipsoid of revolution moving
on an absolutely rough horizontal surface. It is shown how in this case numerical techniques can be used to construct the
Poincaré—Chetayev diagram — a surface in the space of generalized coordinates and constants of linear first integrals corresponding
to motions in which the velocities of the non-cyclic coordinates vanish, while those of the cyclic coordinates are constant, and
the Smale diagram - a surface in the space of constants of linear first integrals and the energy integral corresponding to these
motions. © 2005 Elsevier Ltd. All rights reserved.

Non-holonomic systems with symmetry always admit of steady motions but, as a rule, they do not have
linear integrals. The questions of the existence of such integrals therefore requires special discussion
[1]. Moreover, even in cases when linear integrals exist, explicit expressions for them are generally
unknown [2, 3], and the application of the classical methods of qualitative analysis also requires a special
discussion [4-6].

1. CONSERVATIVE NON-HOLONOMIC SYSTEMS WITH SYMMETRY

Consider a conservative non-holonomic system with n degrees of freedom. Let ql, s g, Z., ...,z be
the generalized coordinates of the system, whose velocities are constrained by v non-integrable relations

& = bi()d (1.1)

Here and below, w =1, ..., v;r, 8, p = 1, ..., n; repeated indices indicate summation within the
appropriate limits. Let T = T{(q, 4, Z) be the kinetic energy of the system (a positive-definite quadratic
form in the generalized velocities ¢, 2), V' = V{(g) is the potential energy. With suitable assumptions
(b, T and V do not depend on the generalized coordinates z, whose velocities appear on the left of the
constraint equations (1.1)), the system is a Chaplygin system, and its equations of motion in Chaplygin
form

daT, T, V. ..,
Ty = o ot Odd (1.2)
9§ dq Jq
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may be considered independently of the equations of non-holonomic constraints. Here

Ty =T(4, ¢ D1y = Tx(9: §) = 58,(0)4'4">0 V40

TN
©,p = (Qb——a—b—J J (a—T) = 0,,,(q) =—0,,,(q)
d¢° 9q" Jag" "/ (1)

We introduce the notation

) = (orsp+mrps’ w(rsp) = wrx +0

0‘)r(sp D psr

We will denote the coordinates ¢’ by ¥’ (i = 1, ..., k) and the coordinates ¢* by y* (0. = k + 1, ... , n),

and assume that Chaplygin’s equatlons are 1nvar1ant under an (n - k)- parameter group of
transformationsx - x,y =y + ¢ (¢ € R*~). This means that the y coordinates are cyclic, in the sense
that

oa,, oV 0w

=0, —=0, —2Z=90 1.3
" " e (1.3)
Under these conditions Eqs (1.2) become
daT Ty oV b o B
c—z'—ta_; Y 3 St 088" + 0y 7y + 0i0py"y (14)
darT,, i B,
gts—— = Wk K + g i+ wawﬁ y! (1.5)

Here and henceforthi,j, A =1, ... ,k; o, B, v, 0, e=k+1,...,n
It is obvious that Eqs (1.4) and (1.5) always have an energy integral

B

1 L i o
H=T,+V = ia,-j(x)x '+ a;q ()% ya+%aaﬁ(x)yay +V(x) = ¢y = const (1.6)

but in general they do not have cyclic integrals of the form 97,/0y* = const (compare with [1]).

2. LINEAR INTEGRALS OF NON-HOLONOMIC CHAPLYGIN SYSTEMS

We will now ascertain under what conditions Eqs (1.4) and (1.5) have integrals that are linear in the
generalized velocities, of the form

aT ;
1, cg(x)ﬁscg(aﬁjx’+aﬁyy7) = ¢, = const 2.1
satisfying the condition
det(cPy=0 (2.2)

(here and henceforth a, b = 1, ..., n — k). Differentiating I, with respect to time and using Eqs (1.5),
we have

dl, acfj i . Y B Lj Ly 7.8
n = -a:;x (aﬂjx +ag,y )+ca(a)ﬁijxx + WX Y + W5V’ Y )

Thus, the functions I,(x, %, ) are first integrals linear in x, y if and only if

ac acP ach

B a B _ ] —
a_x"av + 60y =0, —ag+ a_x‘;”ﬁi + 60 =0, ps =0 (2.3)
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The first set of relations (2.3) implies the identities

a
“e = o™ mﬁ(zy)c (la™] = Haayll“ (2.4)

which are a system of linear partial differential equations in the functions cP(x). This system is completely
integrable provided that

J ., By d , fy By Be
5;(“ ‘”(iay))—gzi(“ Ojoy)) + @' (@57 B joe) ~ Oy Oiqe)) =0

or, expressed differently,

oM, ; da dw, ; da
Gap) . ¥ Bs (o) , 78 ps
ra “’(m)( “’(1513)) T ta "’(iuy)( 7t “’(j«sm) (2.5)
ox ox' ox ox

Thus, under conditions (2.5) functions c2(x) satisfying relations (2.4) and (2.2) exist, allowance of
which enables us to reduce the last two sets of conditions (2.3) to the form

P = = .
Wg iy + a7 (g Ogay) + AP jay)) =0, Dp(ys) =0 (2.6)

Thus, Eqs (1.4) and (1.5) always have an energy integral (1.6), and also (under conditions (1.3), (2.5)
and (2.6)) linear integrals (2.1) with generally unknown coefficients c; B(x) that satisfy the system of partial
differential equations (2.4) and condition (2.2). Note that conditions (2.5) are necessarily valid when
k = 1, and the last set of conditions (2.6) is valid whenn —k = 1.

3. THE EFFECTIVE POTENTIAL OF A CONSERVATIVE
NON-HOLONOMIC CHAPLYGIN SYSTEM

We will now determine the minimum of the total mechanical energy of system (1.6) as a function of
the generalized coordinates %, y at fixed levels of the linear integrals (2.1) (the effective potential). To
that end, we introduce a function F = H - A*(I, — ¢,), where A" are undetermined Lagrange multipliers,
and write the conditions for it to be stationary with respect tox,y A

N . oF i .
g——; = a,.jx’+a,»5(yﬂ-c57ta) =0, — = aajxj+aaﬁ(yB—cE)\,a) =0 (3.1)
éa')? = Ca—cg(aﬁjxj+%yyy) =0 (3.2)

Equations (3.1) imply relations ¥’ = 0, y% = cIA; substituting these into Eqs (3.2), we obtain

-1

) (3.3)

A = aysczcgcb (“c.‘;l =|lc!
Thus, a minimum of H as a function of X, y on the linear manifold (2.1) is attained at
i =0, " = a®(x)ch(x)e, (34)
and is equal to
vV, = V(x)+%a°"3(x)c§(x)c§(x)c,,cb (3.5)

Formula (3.5) defines the effective potential V' (x) of the system Its explicit form, however, is generally
unknown, since we lack explicit expressions for the functions c5(x) satisfying Eqs (2.4) and condition
(2.2), which certainly exist when conditions (1.3), (2.5) and (2.6) are satisfied.
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4. THE STEADY MOTIONS OF NON-HOLONOMIC CHAPLYGIN
SYSTEMS WITH SYMMETRY

According to the general Routh theory for systems with symmetry [7-16], critical points x of the effective
potential V,(x) correspond to steady motions of the form

2= o), ¥ = 3ie) = a®Plxg(e))chxo(0)e, 4.1

and the minimum points correspond to stable steady motions. Under these conditions the families xy(c)
are determined from the equations

of a b
QK+ 19(a c'acﬁ)cacb -0 (4.2)
ax 2 ax
and define the Poincaré—Chetayev bifurcation diagram in the space R* ~* x R¥(c; x). After evaluating
V.(xo(c)) = f(c), we can then construct the Smale bifurcation diagram, which is defined in the space
R* =% x R(c; cy) by the relation ¢y = f(c). The surfaces ¢, = f(c) divide the space of constants of first
integrals (1.6) and (2.1) of the system into domains that differ in the topological type of domains where
motion is possible, which are defined by the inequality V,(x) < ¢;. In the general case, however, explicit
formulae x = xy(c) and ¢y = f(c) defining the Poincaré—Chetayev and Smale diagrams are not available,
since, as already pointed out, it is not possible to write explicit expression for the effective potential.
Steady motions of the system may be obtained in explicit form in at least two ways [13]. First, a steady
motion may be expressed as

X = ), y* =y =" (4.3)

In that case the families xy(®) are determined from the equations (see [13])

0
gfi ¥ (_% :;B * maiﬁ)wumﬁ =0 (4.4)

Second, steady motion of the system may be expressed as
X = xj(p), T" = p, (4.5)

In that case the families x(p) are determined from the equations (see [13])

av 1 aa“B yo 8f _

a_—xi + 5(—8—;'— + O).Yisa a papB =0 (4'6)
Moreover, choosing the quantities w, or p,, as parameters of the family of steady motions, we can obtain
in explicit form the conditions for the effective potential to have a minimum at its critical point x;, and

hence also the conditions for the corresponding steady motion to be stable. Indeed, the second variation
of the effective potential is

8V (x0) = ;0,88 (€ =5

and its coefficients may be expressed explicitly in terms of the parameter ®

v, = { a.ZV -+ [(— 1—6&5. + m) + ays(aa‘“.Y + 00y )(aa—ﬁa + 0 'aﬁ))]} o’
Yo loxiax 29x9x 3 ox AP ! x = x(®)

Similarly (see [13]), we can write explicit expressions for the coefficients v; in terms of the parameter
D.

However, neither the parameters o (the velocities of the cyclic coordinates) nor the parameters p
(the momenta corresponding to cyclic coordinates) are essential in Chetayev’s sense [10], since they
preserve their initial values only in steady motions, and therefore relations (4.3)—(4.6) are not suitable
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for constructing Poincaré-Chetayev and Smale diagrams; hence the problem arises of writing algorithms
for constructing these diagrams on the basis of relations (4.1) and (4.2), which involve the functions
c¢(x), whose explicit form is unknown, though they satisfy a well-defined system of linear partial differential
equations. This problem will be solved below for a specific holonomic Chaplygin system — a heavy solid
of revolution on an absolutely rough horizontal plane.

5. THE EQUATIONS OF MOTION OF A SOLID OF REVOLUTION ON
A ROUGH PLANE

Consider a heavy, absolutely rigid, dynamically symmetrical solid body bounded by a surface of
revolution, rolling without slipping on a fixed horizontal plane, on the assumption that the centre of
gravity G of the body is on its axis of symmetry G{. Let M be the point of contact of the solid with the
plane.

We introduce a coordinate system Oxyz as follows. The point O lies on the supporting plane Ozxy, the
Oz axis points vertically upward. Let 6 denote the angle between the axis of symmetry of the body and
the vertical, B the angle between the meridian M of the body and some fixed meridional plane, and
o the angle between the horizontal tangent MQ to the meridian M and the Ox axis. The position of
the body is uniquely defined by the angles o, B and 6 and the coordinatesx andy of M. We also introduce
a system of coordinates GEng which moves both in the body and in absolute space as follows: G is
the axis of symmetry of the body, the G& axis always remains in the plane of the vertical meridian MC,
and the G{ axis is perpendicular to it (Fig. 1). Suppose the vectors of the velocity of the centre of mass
G, the angular velocity of the body, and the angular velocity of the trihedron GEn{ are given in the
coordinate system GEN{ by their components Vg, Oy, Vg p, ¢, ¥ and Q, Qn, Ly, respectively. Let m be
the mass of the body, A, its moment of inertia about the axes GE and G, and 45 its moment of inertia
about the axis of symmetry.

Note [2, 3] that the distance GQ from the centre of gravity to the Oxy will be a function of the angle
0, say, GQ = f(8). The coordinates &, n and { of the point M at which the body and the plane touch in
the system of coordinates GEng will also be functions of the angle 6 only, with n = 0, while

& = — £(0)sin®~ f'(B)cos®, § = — f(0)cosO+ f'(6)sind 6.1)

Since the G{ axis is fixed in the body, Q; = p, Q,, = g. The GEC plane will remain vertical permanently,
and therefore Q¢ — Q; ctgb = 0. Since there is no slipping

v +g8 =0, vy+r§-pl =0, ve-q§ =0

Let us write down the law governing the variation of the momentum and the angular momentum
projected onto the axes of the fixed system of coordinates. Eliminating the components of the velocity
of the centre of mass and the components of the reaction of the supporting plane, by using the equations
of the constraints, we obtain three differential equations for p, g and r
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d
[4, +m(E +E)IZE = mgf'(8) + (A7 - A, peig®)p -

- mp(Getg® +§)(pG - &) - maf %Jrg‘;_%)

(5.2)
dp o 54 _ -
Ay o +A3§dt = (A,pctgb—Asr)q
d Asdr _
E(PC ~ré) - P (Getgd +E)pg
where & and { are functions of © defined by equalities (5.1). Adding the obvious relation
g = —-d6/dt (5.3)

to Eqs (5.2), we obtain a closed system of four differential equations in the unknown functions of time
p,q,rand 6.

This system of equations has an energy integral H = const. By Koenig’s theorem and the no-slip
conditions, it may be written in the form

1

H=2

Al!’2 + %(A1 + m(iz + CZ))q2 + %A3r2 + %m(pC - r&)2 +mgf(8) = const (5.4)

In addition [2], these equations have two linear integrals K; = k; = const and K, = k; = const, of
the form

p
r

=0 '), o= (5.5)

K,

where ®(6) is the fundamental matrix of the following system of equations (the prime, as before, denotes
differentiation with respect to 6)

©'(8) = A(8)m(8) (5.6)

 ctg(ey - AamEE+ O A4y +mE” +mEQ)
A@®) = A A , A=A A +AmE +Aml
AmE(E+T) m&(AsL-AE)
A A

6. THE STEADY MOTIONS OF THE BODY

Problems of the existence and stability of the steady motions of the body will be investigated using Routh
theory. According to that theory, the critical points of the energy integral at fixed values of the constants
of the other integrals define steady motions of the body. Let us construct the effective potential — the
minimum of the energy integral (5.4), which is a quadratic function of p, g and 7, at fixed levels of the
linear first integrals (5.5)

W.(8) = minH = H|,_ = =
x(0) min, |K=k lg =0, 0=o@)K

(6.1)
= La el e dmot - s mar @),k =

ky

2
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where &, { and f are known functions of 8, but p and r are functions of the variable 6 and of the constants
ky and k, which are not explicitly known; p(8, k1, k) and 7(8, &y, k,) are the general solution of system
(5.6). The steady motions correspond to solutions of the equation

Wi(8) = 0 (6.2)
and they have the form

Differentiating the function (6.1) with respect to 8 and using Eqgs (5.6), we represent Eq (6.2) in the
form

Fk,, ky, 8) = Wi(0) = — (A, - é—"(éfé)ctgepz + (A3 - %f‘—g)rp +mgf' =0 (6.4)

For further investigation of the steady motions of the body, numerical techniques may be used to

construct the Poincaré-Chetayev diagram — the surface in (ky, k,, 0)-space defined implicitly by Eq.

(6.4), and the Smale diagram - the surface in the space of the constants of the first integrals (ky, k,, #)

corresponding to steady motions. An algorithm is available for constructing these diagrams [6] which
does not require a knowledge of the explicit form of the functions p(8, ky, k,) and r(6, ki, k7).

7. AN ELLIPSOID OF REVOLUTION MOVING ON
AN ABSOLUTELY ROUGH PLANE

As an example, let us consider the motion of a homogeneous ellipsoid of revolution whose surface is
defined by the equation

2, .2 2

E_,+211 +——§ =1
2

a Aa

where A < 1, that is, the ellipsoid is oblate in the direction of the G axis. Then the distance GQ = f(0)
from the centre of gravity to the Oxy plane is defined by

£(8) = aysin’0 + A cos’0 (7.2)

and the coordinates of the point of contact, according to (5.1), will be

(7.1)

asin® _ ar’cos®
5= 2 71, ¢ = 2 712
sin @ + A cos 6 sin @+ A“cos’ @

Denote the density of the ellipsoid by p. Then the following values are obtained for its mass and its
equatorial and axial moments of inertia (4, and A3, respectively)

(7.3)

_4 3 _4 2, 5 _ 8 5
m = §npla , A= lsnp}»(1+7» )a, A; = 15npka _ (7.4)

Substituting expressions (7.2), (7.3) and (7.4) into the system of equations (5.6) we obtain

7(8) = (- ctg(8) — 10AA*(1 - A%)cosOsin’0)T +

+2A[(7 - 922+ 22%)cos’ 0 + (- 14 + 92 + 51*)cos 0 + 7]n
#'(8) = 5A(1-A%)sin" 01+ 5AA%(1 - A%)sinBcosO(1 - 2cos 8)n (75)
A = [(T-2A2—17A% + 120%cos’0 + (- 14— 5A% + 19A%) cos’0 + 7 + TAY]

where the dimensional components of the angular velocity p and r have been replaced by non-dimensional
components T and # in the following way:

T = pJA/(mga), n =rJA/(mga)
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Fig. 2

We also write the energy integral (5.4), the effective potential (6.1) and its derivative (6.4) in

dimensionless notation
2
= H _12.1 m.g2 . 42 fAl)
H= P 5" +2(1+A1(§ +§))(q e +

1113_ 2. 1m 2. f(8) _ (7.6)
Ty 33 (18- nk)" + p const
0) = a1 Im e e f(6)
Wk(0) = ok +2A1n +2A1(1§ n&)" + ” (1.7)
Fo k) _Ketgdt +Lin+ L8 _ ¢
mga a
7.8
K=1_me(9)=L+_6_?‘_2 L=’_4_§..’_”_§_f_(9)_—___7_ 79
Ajcos®  142% Ay Agsin® g 92

An explicit form of the solutions of system (7.5) is not known, but the MAPLE 7 software package
can be used to construct numerically two independent solutions

of the system (for A = 1/5) with the following initial conditions

T 0 I 0
Sl(i) = Sl = , Sz(i) = S2 =

Then an arbitrary solution of system (5.2) is a linear combination of these two solutions

[=}
L2

1
0.8

-1
0.8

-

0
Ds=) (7.9)

1

n

On the assumption that k; and k; are constants of the linear integrals of system (7.5), the Poincaré-
Chetayev and Smale diagrams were constructed numerically (as illustrated in Fig. 2 on the left and right,
respectively). We will analyse these diagrams below.
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8. ANALYSIS OF THE DIAGRAMS

The choice of initial conditions. The diagrams of F(ky, k,, 8) = 0 and F(ky, ky, 8) = 0, constructed with
different choices of initial conditions, can be transformed into one another by a linear substitution
kl = Clkl + bkz, k2 = Ckl + dk2

Symmetries. First of all, we note (see expressions (7.6) and (7.8)) that the left-hand sides of the
equations of the Poincaré-Chetayev and Smale diagrams are sums of forms of second and zeroth degree
in T and n, which in turn are linear combinations of k; and k,. Hence the surfaces are invariant under
the substitution

(kla kz, e) s (——kl, _kZa 9)
that is, they possess axial symmetry about the straight line £y = 0, k, = 0.

At the same time, the surface of the body is symmetrical about the Gné plane through the centre of
mass perpendicular to the axis of symmetry; hence, system (7.5), the energy integral (7.6), and the
effective potential (7.7) are unchanged by the substitution

0,7,¢4,n)> (0 =m~-06,1"=1,4 =—q,n =-n)
Then, denoting the components of the fundamental matrix as follows:

d)(e, 2) 6,(0) 9,(8) q)(g g) - F

v (6) \Vz(e)

we obtain

$1(8) ,(0)
-¥1(0) ¥,(0)

0,(8) —0,(0)
y(0) v,(8)

fo-03)-

We will consider a certain steady motion (ky, k,, 6,). For this motion, for the components of the angular
velocity T and n we have

0 _0
k
n; n, ka

Corresponding to this steady motion on the Poincar¢ diagram is another steady motion (- 09, k1, ky),
with

<)< o] - tes i 5|
n -n ky
Hence we can determine the relation between k and k. We have
cD(n -0, g)Toﬁ = _Tn =xS; % (1) _01
Thus
k = (To) X Tok (8.1)

Sections of the Poincaré-Chetayev diagram. Consider the level curves of the Poincaré diagram, that
is, its sections by planes 8 = const (projections of certain sections onto part of the plane of constants
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Fig. 3

of linear integrals k; € {-0.3, 0.3], k; € [-0.3, 0] are shown in Fig. 3, left). As is obvious from (7.8), each
section is a second-order curve. We will obtain its linear invariants, using Eq. (7.8) and the fact that
for fixed 0 the substitution (1, n) — (ky, k,) is linear. We have

5 | -Kewgd L2 | _ L. 71

L2 0 4 147 82)
A={®_ ) 7 5 A=0e0=1

a 4 1+ 2

and therefore a section of the diagram is either a hyperbola (if 8 # 7/2) or a pair of intersecting straight
lines (if 6 = m/2). In the latter case, one of the straight lines corresponds to a motion of the body in
which it is uniformly rolling along a straight line, with the body’s axis of symmetry horizontal and the
centre of mass moving at an arbitrary constant velocity; the other corresponds to motion of the body
in which it is revolving at an arbitrary constant angular velocity about a vertical straight line, with its
centre of mass motionless.

The stability of steady motions when 0 = /2. The derivative of the effective potential (7.8) when
0 =m/2is

F(8=n/2) = -8tn = ~8(k T\ + kyT3) (kyn) + kon)
(the quantity § is defined by the first equality in (8.2)). The equations

T klr?+k212 =0 (8.3)

no=knl)+knd =0 (8.4)

are the equations of straight-line sections of the surface F' = 0 by the plane 8 = /2. The steady motion
will be stable if

Wi(6)>0
Let us evaluate the second derivative of the effective potential (7.7) along trajectories of system (7.5)

Wi(0) = F' = Ksin -01° - 2Kctg®t7 + Ltn+ Ltn' + £(8)/a
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The steady motions (8.3) corresponding to T = 0 are stable if

F = —14—2n2+7L2—1>0
(1+17)
and the motions (8.4) (n = 0) are stable if
2
F = 6+x212+7»2—1>0
1+A

These results agree with previous results in [4], where the stability of a solid of revolution was
investigated. For A = 1/5 and initial conditions (7.9), a change of stability occurs for the following values

ky=ky,=017, k; =ky,=-017, ky=-k,=021, k;=-k,=-021
corresponding to the vertices of the curvilinear quadrilateral in Fig. 3.

The effective potential. The plane of the constants (ky, k;) may be divided into two domains (the part
{kq € [-0.3,0.3], k; € [-0.3, 0]} is shown in Fig. 3, left, the region {k, > 0} is centrally symmetrical to
that shown). Outside the curvilinear quadrilateral (the region D,), for every pair of constants of linear
integrals, only one steady motion exists, to which the minimum of the effective potential corresponds,
so that it is stable. Inside the curvilinear quadrilateral (the region D), corresponding to each pair (1,
k,) there are three steady motions, of which two are stable and one is not. This region is symmetrical
about the point O and invariant under the linear transformation (8.1). Figure 3 shows graphs of the
effective potential corresponding to a few pairs of constants: k; = 0.185, k, = -0.04 (curve I); k; = 0.1,
k, = —0.05 (curve 2); ky = 0.01, k; = -0.1 (curve 3); ky = —0.25, ky = -0.25 (curve 4); k; = -0.17,
ky = —0.17 (curve 5); ky = -0.1, k, = —0.05 (curve 6).

The Smale diagram. Sections of the Smale diagram (see the right-hand part of Fig. 2) by planes
ki + k, = const are shown in Fig. 4. The surface of the diagram divides the space of constants of first
integrals into three regions. In the region Q; the set of possible variation of the angle 0 is a segment;
in the region €, it is the union of two segments, and in the region Q, — the empty set.

In conclusion, we note that the technique proposed enables are to construct bifurcation diagrams
and so provide a qualitative description of the dynamics of any convex solid of revolution.

This research was supported financially by the Russian Foundation for Basic Research (04-01-00398)
and the “State Support for Leading Scientific Schools” programme (NSh-2000.2003.1).
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